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Introduction

R ECENT rapid development in aerospace explorationhas stim-
ulated extensive use and studies of highly � exible structures

(HFSs).1 ¡ 4 Figure 1 shows a representative load-de� ection curve
of HFS systems. It can have local buckling, snap-through,bifurca-
tion, self-locking, snap-back, etc. Low-frequency vibration modes
of HFSs are usually localized vibration modes, and hence local
buckling is more likely to happen to HFSs. Local buckling results
in signi� cant load increase at some local areas, and hence plastic
deformation may occur well before the entire structure collapses.
For HFSs the design load can be chosen to be greater than the local
buckling load, and hence the residual strength (the strength beyond
the local buckling load) can be taken into account in the design.
Snap-through happens when the load passes a limit point, and it
causes serious dynamic effects. Hence, the load corresponding to
the snap-through is often assumed to be the collapse load of an
on-earth structure. However, if a structure can sustain the dynamic
loadscaused by the snap-through,the structurecan be designedwith
a design load greater than the snap-through load. In this situation
the dynamic effects caused by snap-through need to be carefully
analyzed to ensure safety. Unfortunately dynamics of HFSs are es-
sentially nonlinear because of high � exibility, and modal interac-
tions caused by geometric nonlinearities would be the main cause
of their complicated nonlinear dynamic responses,which is always
a challenging problem. Moreover, multiple possible solution paths
coexist around a bifurcationpoint of a load-de� ection curve. To en-
sure structural safety, all of these possible solution paths need to be
traced, which is a dif� cult numerical problem.

Some nonlinear behaviors of HFSs can be used to design large
space structures. For example, the self-lockingphenomenoncan be
used to design jointless deployable structures.3 However, to push
the design load beyond the local buckling load or even the snap-
through point, it requires advances in modeling large deformations
and complex stress states of HFSs, more ef� cient computational
methods, and large static and dynamic tests to validate numerical
simulations.Moreover, it is a new challenge to structural engineers
to design large deployable/in� atable HFSs that can be packaged in a
small volume for a space shuttle to carry and can be easily deployed
or constructed in space.

Here we present some considerations and solutions to the mod-
eling and design of HFSs based on the development and use of an
in-house nonlinear � nite element code.

Modeling Issues
Approachesused in the literaturein geometricallynonlinearmod-

eling and � nite element analysis can be grouped into four ap-
proaches: 1) an updated Lagrangian (UL) formulation using lin-
ear strains (e.g., engineering strains) de� ned with respect to the
deformed con� guration,2) an UL-formulationusing truncatednon-
linear strain-displacementrelations (e.g., von Kármán strains), 3) a
total Lagrangian (TL) formulation using fully nonlinear strain-
displacement relations (e.g., Green–Lagrange strains) derived by
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Fig. 1 Typical load-de� ection curve of HFSs.

using large rotational degrees of freedom (DOFs), and 4) a TL-
formulation using fully or truncated nonlinear strain-displacement
relations (e.g., Green–Lagrange strains) de� ned with respect to a
corotatedelementalreferenceframe.Two approachesare commonly
used in deriving fully nonlinear strain-displacement relations. The
� rst one [used in approach3)] uses three or two large Euler-type ro-
tation anglesas well as three displacementDOFs with respect to the
undeformedreference frame.5 Because � nite rotationangles are not
vector quantities, the derived strain-displacementrelation is not in-
variantwith respectto the rotationsequence.Hence, this approach is
not appropriate for bifurcationstudy because some solutionscan be
preventedfrombeingobtainedif multiplesolutionsexist.Moreover,
because the large rotational DOFs are usually treated as indepen-
dent DOFs althoughthey are functionsof derivativesof translational
DOFs, the ordersof interpolationfunctionsfor rotationalDOFs may
not be consistent with those of translational DOFs. This inconsis-
tencymay cause the occurof spuriousstrains.Moreover,some � nite
elements derived from this approach use interpolationfunctions for
in-plane displacements with orders lower than those for the out-
of-plane displacements, which can cause spurious strains too. The
second approach (used in approach 4) is to use three or two small
Euler-type rotation angles or triads or quarternions as well as three
displacement DOFs with respect to a corotated reference frame.6

Corotation is a method developedfor making large rotations rela-
tive to an inertialframe looklikesmall rotationsat theelementlevel.6

The corotationis achievedby de� ning, for each element, a corotated
reference coordinate frame using the deformed nodal coordinates.
The rigid-bodymotionof this frame is then subtractedfrom the total
motion of the nodes, leaving relative translations and rotations that
can be made arbitrarily small by simply re� ning the mesh. Once
nodal relative motions have been rendered suf� ciently small, the
relative small rotations can be treated as vector quantities, and they
can be used in simpli� ed strain-displacementrelations.Nygard and
Bergan7 proved that the values of Green strains and second Piola–

Kirchhoff stresses de� ned with respect to the undeformed frame
are the same as those de� ned with respect to the corotated frame,
and hence there is no need of transformationbefore updating these
strains and stresses. However, the global displacements need trans-
formation before updating. Moreover, because the corotated frame
is de� ned by nodal coordinates, the sizes of elements need to be
small in order to keep the relative rotations small.

The preceding discussion shows that a TL formulation with
corotation is the most attractive approach, and fully nonlinear
or truncated Green–Lagrange strains are commonly used in this
approach.6,7 Nonlinear strains used in a TL formulation need to
be objective and geometric in order to use the material constants
obtained from experiments in which rigid-body rotations are pre-
vented and engineering stress and strain measures are used.8 Un-
fortunately,Green–Lagrange strains are not geometricmeasures al-
though they are objective.8

Pai andPalazotto9 used Jaumannstrainsandnew conceptsof local
relative displacements and orthogonal virtual rotations to derive a
total-Lagrangian displacement-based� nite element formulation of
composite shells. In the formulation only global translationalDOFs
and their spatial derivatives are needed, and no relative rotational
DOFs are used. Moreover, the formulation reveals that the order of
interpolation functions for in-plane displacements needs to be the
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same as that for transverse displacements. Jaumann strains Bi j are
de� ned as [B] ´ [U ] ¡ [I ], where [I ] is a unit matrix and [U ] is the
right stretch tensor that needs to be obtained from the deformation
gradient tensor using the polar decomposition theory.8 However,
if u( =0) represents the local relative displacement vector of an
arbitrarypointwith respectto its deformedlocation,Jaumannstrains
Bi j can be proved to be8
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where @x j are unstrained lengths and i j are unit vectors along the
convected coordinate axes only if shear strains are zero. If shear
strains are nontrivial, a corotated point reference frame can be de-
� ned by using the symmetry of Jaumann strains.8 Hence, Jaumann
strains and stresses are along the corotated point reference frame at
each point, and there is no need for a coordinate transformationbe-
fore updatingstrains, stresses,and displacements.Using Eq. (1) and
an exact coordinate transformation,Pai and Palazotto9 showed that
Jaumann strains can be presented in terms of global displacements
without performing complex polar decomposition. Moreover, the
energy formulation is usually used in the derivation of nonlinear
structural theories without any correlation with the Newtonian for-
mulation. Because Jaumann strains are geometricmeasures and can
be presented in terms of vectors [(see Eq. (1)], structural governing
equations derived using the energy formulation are fully correlated
with those derived using the Newtonian approach.9 Furthermore,
corotatedCauchy stresses and Eulerian strain rates are usually used
in elastoplastic analysis, and their directions can be shown to be
the same as those of Jaumann stress and Jaumann strain rates.8

Hence the extension from geometrically nonlinear � nite element
analysis using Jaumann strains to elastoplastic � nite element anal-
ysis is straightforward.

Based on the use of Jaumann stresses and strains, an exact co-
ordinate transformation, and a new concept of orthogonal virtual
rotations, geometrically exact structural theories have been derived
and implemented in an in-house TL � nite element code GESA

a) Deformed geometry when the twisted angle µ at each end is
140 deg

b) Load-de� ection (M̂3 ¡ µ) curve

Fig. 2 Deformation of a circular isotropic ring subjected to two oppo-
site twisting moments ÃM3 at the two ends of a diameter.

(geometricallyexact structural analysis). Next we present some nu-
merical results obtained from GESA to show the characteristicsand
challenging issues of HFSs.

Numerical Examples
Figure 2a shows the deformed con� guration and projections of

an isotropic circular band subjected to two opposite twisting mo-
ments M̂3 at the two ends of a diameterwith the left end at the origin
and the right end being free to slide horizontally. The normalized

a) Undeformed and deformed con� gurations

b) Load-de� ection curves of node 30

c) Four possible deformed con� gurations

Fig. 3 Torsional deformation of a cantilevered rectangular plate sub-
jected to two corner loads.



J. SPACECRAFT, VOL. 37, NO. 3: ENGINEERING NOTES 421

load-de� ection curves in Fig. 2b show buckling, self-locking, con-
tacting (point B), and bifurcation phenomena. Here E is Young’s
modulus, I33 is the area moment of inertia, h is the twisting angle,
R is the radius of the band, and b and h are the width and thickness
of the cross section, respectively.The deformed geometry in Fig. 2a
corresponds to point B ( h =140 deg) in Fig. 2b, and it shows that
the midpoint of the upper half ring is in contact with the midpoint
of the lower half ring. If the ring is allowed to cut through itself
(e.g., a half ring) when M̂3 increases, the deformation follows the
solid line in Fig. 2b. Otherwise, the load-de� ection curve follows
the broken line, and the upper and lower half rings start to tangle
together.This contact problem is nonlinear.To prevent such impos-
sible cut-through phenomena in analysis, the deformation path of
every point of the structure needs to be checked against all other
points because the neighboring points of an observed point vary
when largedisplacementsoccur. Hence monitoring the deformation
process using three-dimensionaldynamic graphics is necessary for
the analysis and design of HFSs. Moreover, the numerical results
show that a ring can be twisted into three small rings with a diam-
eter of one-third of the original diameter when 2 h =360 deg only
if the cross-section aspect ratio b / h ¸ 1.52. Figure 2b also shows
the load-de� ection curves with b / h =1.542, 1.7, and 3.0, where
the deformed con� gurations at h =180 deg are self-lockedbecause
M̂3 =0.

Figure 3a shows the undeformed and deformed con� gura-
tions of a cantilevered rectangular isotropic plate subjected to
two opposite transverse corner loads F when F =316.31 N.
The dimensions are 22.86 £ 17.78 £ 0.0660 cm, Young’s modulus
E =1.570 £ 1011 Pa, and Poisson’s ratios m =0.3. Figure 3b shows
the several possible stable and unstable equilibrium paths of node
N30, where w is the transversedisplacement.Locating the bifurca-
tion points B1 , B2, and B3 and tracing the bifurcated paths requires
the development of special computational algorithms, which is an
importantbut dif� cult task.The bifurcationpoints (especially B1) in
Fig. 3b are the type of information important for the design of such
HFSs. Figure 3c shows the four possible deformed con� gurations
corresponding to (1), (2), (3), and (4) in Fig. 3b when F =63.19 N
(i.e., one-� fth of the load used in Fig. 3a).

Conclusion
In this Note we present some modeling, formulation, computa-

tion, and design issues of HFSs. Our numerical and experimental
studies on HFSs show that transverse shear deformations, in-plane
shearing, stretching, and thickness change are usually small. Other
issues to be solved include measuring large deformations involving
large rotations, in� uence of gravity, the use of initial stresses in de-
sign,andhowto designloadingsto have therequireddeformedshape
(i.e., an inverse problem). Moreover, assemblingTL � nite elements
of different types (i.e., cable, beam, plate, and/or shell elements) at
a node but maintaining the geometrically exact formulation is still
a challenging problem to be solved.
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Introduction

T HE highcostof launchservicesis a seriousproblemfor theU.S.
commercial satellite industry and for NASA in the conduct of

its scienti� c space program. In seeking a way to lower launch costs
for small expendablelaunch vehicles (ELVs) using solid rocketmo-
tors (SRMs) in several stages, the idea of trying to recover the lower
stages for reuse is not really practical,for a variety of reasons.More-
over, the value in recoveringburned out SRM casings, nozzles, and
control equipment from the lower stages is questionable.However,
it does make sense to consider recovering all or part of the � nal
stage, which includes the avionics module, in addition to the pay-
load, SRM, and attitude-control equipment. The avionics module
is the nerve center of the ELV and performs a variety of functions
in vehicle guidance, navigation, and control (GN&C). In general, it
contains an inertial measurement unit (IMU), a � ight computer, a
telemetry multiplexer, a telemetry transmitter, a � ight-termination
receiver,a radar transponder,reactioncontrolsystemthrusters,other
control units, and batteries in a relatively small volume. Advanced
avionics architecture includes Global Positioning System micro-
electronics to enhance navigation and guidance of the � nal stage
into a precise orbit. If the avionics module and related equipment
could be recovered intact after each launch, with minimal cost and
effort, it is believed that the savings in small ELV replacementcosts
could be substantial.Moreover, developmentof a practical avionics
module recovery system could lead to a new kind of hybrid launch
vehicle (HLV), which combines advantageous features of expend-
able and reusable systems. Such a partly reusable HLV might have
a recoverable solid- or liquid-rocket � nal stage containing payload
and avionics atop expendable solid- or liquid-rocket lower stages.

The purpose of this Note is to show how the avionics modules of
two small ELVs could be recoveredusing miniature winged space-
craft incorporatedinto the � nal stageof eachELV. Becausea detailed
accounting of component costs for the small ELVs is proprietary
information, it was not possible to quantify the cost bene� t. That
determination requires a de� nitive cost analysis, which includes an
amortization of system development costs over a projected number
of launches. In the � nal analysis, however, the decision of whether
or not to proceed with concept development should not be based
solely on economic considerations. There are other valid reasons
for considering development of this kind of partly reusable launch
system. Perhaps the most compelling reason is that both NASA and
the U.S. Air Force would then have a cost-effective launch system
with the capability of readily returning small scienti� c and military
payloads from orbit.
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